Abstract. Barnes and Roderick developed a generic, theoretical framework for vegetation modeling across scales. Inclusion of a self-thinning mechanism connects the individual to the larger-scale population and, being based on the conservation of mass, all mass flux processes are integral to the formulation. Significantly, disturbance (both regular and stochastic) and its impact at larger scales are included in the formulation. The purpose of this paper is to illustrate how this model can be used to predict patch and ecosystem dry mass, and consequently system carbon. Examples from pine plantations and mixed forests are considered, with these applications requiring estimates of system carrying capacity and the growth rates of individual plants. The results indicate that the model is relatively simple and straightforward to apply, and its predictions compare well with the data. A significant feature of this approach is that the impact of local scale data on the dynamics of larger patch and ecosystem scales can be determined explicitly, as we show by example. Further, the general formulation has an analytic solution based on characteristics of the individual, facilitating practical and predictive application.
INTRODUCTION
To understand carbon dynamics on continental and global scales, models that scale across both time and space, using locally collected data, are required. Such models employ a variety of approaches. Some, such as the model discussed here, have the individual plant as the basic ecological unit in their formulations (Hurtt et al. 1998 , Moorcroft et al. 2001 . A natural link between these individuals and populations, providing a mechanism for scaling, is the relationship of self-thinning, and Roderick and Barnes (2004) showed that the self-thinning relationship can be formulated as a mathematical axiom and treated analytically using standard dynamic techniques. Based on this dynamic formulation, Barnes and Roderick (2004) developed a theoretical framework linking scales across space and time. The model has analytic solutions at a number of scales, and so provides a simple means of scaling vegetation systems. It can apply data from local scales to predict dry mass and carbon dynamics at the scale of ecosystems, and also has the facility to establish explicitly the impact of local variation on large scale dynamics.
This paper aims to demonstrate and test the application of the theoretical results of Barnes and Roderick (2004) . Using data from a pine plantation in Victoria, Australia, and a mixed forest in the Upper Rio Negro, Colombia and Venezuela, we illustrate that their approach provides good predictions across a range of applications. Barnes and Roderick (2004) divided an ecosystem into patches of vegetation, not necessarily continuous, each comprised of individual plants, and thus our paper is divided into two main sections; patch scale dynamics and ecosystem scale dynamics. The formulation is given in terms of both dry mass and volume. Dry mass is chosen since carbon scales directly with dry mass, making the formulation useful for greenhouse accounting purposes, and volume, typically recorded in forest inventories, proves useful from a theoretical perspective (Roderick 2000 (Roderick , 2001 . In each section, an outline of the mathematical theory behind the relevant framework is presented.
At the patch scale, we present a comparison between the model predictions and data from a pine plantation as well as a mixed forest. Since the dry mass of individuals through time is required for the model application, we have included a discussion on the incorporation of an allometric growth curve, commonly attributed to individual plants. This can be applied for prediction purposes. At the ecosystem scale, we have used pine plantation data to illustrate the impact of patch-scale variation on ecosystem dynamics. The results highlight the nonlinear effect that variation at one scale may have on another. Further, we have compared model predictions with data of total ecosystem carbon, as an example of scaling from the level of an individual to that of the entire ecosystem. Finally, we have included an example incorporating disturbance at the patch scale and its impact at the ecosystem level, to emphasize how disparate the nature of the impact of distinct disturbance regimes can be when scaling up. The ensuing discussion distinguishes between this modeling approach and that of Moorcroft et al. (2001) , highlighting the advantages associated with each, although the predictive outcomes appear comparable.
THE PATCH SCALE

Summary of mathematical theory
Let Y ϭ nm d be the total dry mass of all individuals within a patch of vegetation, with n being the number of individuals and m d the average dry mass of individuals within that patch. The dynamics are then given by
(see Appendix A for a table showing system variables and parameters). Now let F ϭ Y/ denote the patch crowding, where is the carrying capacity (see also Clark 1990) . Assuming sigmoidal growth for the patch, and self-thinning to achieve this through , the model is given by
We note that this equation differs from the standard logistic equation in that the ''growth rate,'' given by (1/m d )(dm d /dt), is nonlinear and time dependent. The steady state solutions are at Y ϭ and Y ϭ 0, which are stable and unstable, respectively, when (1/m d )(dm d / dt) Ͼ 0; that is, for initial total dry mass close to zero, the system approaches over time. The stability is reversed for
An explicit solution to the equation can be found: 
That is, we have an explicit expression for total carbon within a patch of vegetation, based on , initial values ( and m d (t 0 )) and average individual dry mass (
The dynamics of system volume V can be described in a manner analogous to system dry mass (Eq. 1) as¯d 
The mean dry mass over the patch is then equal to the mean of the product [m d ] j V j ; however, the mean of a product is not, in general, equal to the product of the means. Applying a Taylor series expansion to the prod- , where
and e V ϭ V /V are the coefficients of variation ( denoting standard deviation), and is the correlation
coefficient between the subscripted variables. Note that there is no truncation of higher order terms in the expansion, and thus Eq. 5 is an equality. Barnes and Roderick (2004) incorporated this variation into Eq. 4 for volume to givē
Such an expression allows the theoretical understand- ing of the impact of variation at local scales (through X), and determines the dynamics of system volume in terms of the dynamics of Y, facilitating a comparative analysis.
Application to a pine plantation
The data for dry mass and volume.-Data were collected from 18 1-ha plots, or patches, on experimental tree farms of Pinus radiata, established in the 1950s in Gippsland, Australia, to test the effect of different thinning regimes on stand growth. Each plot was sampled biannually from age 10-12 years, until approximately age 30 years. The number of trees was recorded as well as the tree height and diameter at breast height, from which individual dry mass and volume were estimated. (For more detail on the collected data see Bi and Turvey [1997] , Bi et al. [2000] , and Bi [2001] . For the calculation method of dry mass see Baker et al. [1984] , and of volume see Bi and Hamilton [1998] and Bi and Long [2001] .) A sample patch data set, typical of those collected, is given in Table B2 in Appendix B.
Comparing the model output with data for dry mass.-To compare the model output of Eq. 2 with data, initial time t 0 and initial dry mass were taken Y t0 from the first measurements (row 1 of Table B2 ), and average dry mass per individual, m d , calculated as (total dry mass)/(number of individuals). Further, an estimate of the system carrying capacity was required. Since the final measurement was taken before the system had approached an asymptote, cannot be ascertained directly. A number of procedures for estimating have been proposed in the literature (for example, Zhang et al. [1993] or Bi [2004] ); however, for the purposes of this paper, we estimated from the maximum rate of increase in Y that occurs at Y ഠ /2 (Appendix C). This maximum rate of increase can be estimated from the data through inspection, although we note that such estimates reflect the limitations of the data available, and may therefore differ from the ''true'' carrying capacity. For the 18 1-ha patches considered, ranged between 500 and 550 Mg. Fig. 1 illustrates a comparison between the model output and data. We note that the comparisons for all 17 other patches considered yielded similar results, although the slight overprediction at early ages, seen in Fig. 1 , was not the case for all patches. These results suggest that the embodied self-thinning algorithm provides a reasonable prediction of the changing number of individuals as m d increases through time. (We note, however, that the assumption of sigmoidal behavior also underlying the model formulation for Y requires a longer time sequence to establish its validity, and is better illustrated in the example for mixed forests in Application to a mixed forest.)
Including a growth allometric in the model.-Applying Eq. 1 as in the previous example requires knowledge of the average mass of dry matter at sequential times, and hence this approach cannot be used to make future predictions. For predictions, and the case in which sequential data are unavailable, we consider another means of establishing m d .
One common approach proposes an allometric relationship linking dry matter to its rate of increase:
where ␣ is typically considered constant across all vegetation at 2/3 (Clark 1992) or 3/4 (Niklas 1994, Niklas and Enquist 2002) and ␤ is a constant pertaining to species and environment. Eq. 7 can be solved explicitly to give
This function defines m d in terms of t (time), m d (t 0 ) (the initial mass of dry matter) and the two allometric constants ␣ and ␤, and thus provides a means of predicting m d at some future time. It is important to note that this function describes infinite growth as t increases, and thus generally cannot be true. The relationship was defined through empirical means for a limited range of m d away from zero and infinity, and thus we apply it only for this restricted range. Further, Eq. 1 restricts infinite growth through the carrying capacity, . We incorporate this result by assuming the allometric relationship for the average dry mass of a patch (Appendix D): Table B2 ), with data (solid circles) and output from the model in Eq. 4 (line). System carrying capacity for dry mass was estimated as ഠ 550 Mg. Results for the other 17 patches considered yielded similar results, although initial overprediction was not common across all patches.
then be calculated from available data (all 18 sites) through the usual process of taking natural logarithms and applying linear regression through the data points:
Fixing ␣ ϭ 2/3, ␤ was calculated for the pine plantation data as ␤ ϭ 0.040. For ␣ ϭ 3/4, the associated ␤ was ␤ ϭ 0.046. We note that ␣ was fixed at these two values, and not calculated as the best fit to the data, as it is claimed in the literature to be a universal constant across all vegetation.
With ␣, ␤, and established, any subsequent value for m d (t) can be calculated from an initial value for dry mass using Eq. 8, and then substituted into the model in Eq. 2 providing projections forward in time. Fig. 2 illustrates the model predictions including the allometric relationships, together with the model predictions based on average mass calculated from the data. In each case, this model appears to be a good predictor of the system dynamics. In particular, we note that there is little practical difference between the cases of ␣ ϭ 2/3 and ␣ ϭ 3/4, although they are reported in the literature to be ''universal'' constants. Our results suggest that, instead, the allometric expression when incorporated into a broader framework is not sensitive to the precise value of the exponent.
We note that a sequence of values for m d is still required to establish the allometric coefficient ␤; however, such values are specific to forest type and general location, and in their absence generic global defaults can be set Enquist 2002, Niklas et al. 2003) .
Comparing the model output with data for volume.-We again consider the pine data set, comparing it with the model output of Eq. 4, where a simple finite difference scheme has been used as we have no explicit solution (Fig. 3) .
Application to a mixed forest
The data for dry mass. -Uhl (1987) and Saldarriaga et al. (1988) recorded dry mass and plant numbers from tropical forest sites in the Upper Rio Negro region of Colombia and Venezuela. The sites had been subjected to slash-and-burn agriculture in the near and distant past, and together comprise a long-term chronosequence. These data provide a record of total aboveground dry mass for a mixed forest comprised of many (50-70) species, in contrast to the single-species plantations of the previous example, and include measurements of older (Ͼ180-yr-old) forests. We refer the reader to Uhl (1987) and Saldarriaga et al. (1988) for details concerning this data set.
Comparing the model output with the data.-To compare model predictions with data, we followed the same procedure detailed above for pine plantations, with the results in Fig. 4 . It is evident that again there is little difference between the model output for ␣ ϭ 2/3 or ␣ ϭ 3/4.
We note two aspects concerning this data set. First, it does not derive from a single patch over time, although it has been treated as such here (as well as in Moorcroft et al. [2001] and Saldarriaga et al. [1988] (Uhl 1987 , Saldarriaga et al. 1988 ) (solid circles) and output from the model in Eq. 2 (solid line). System carrying capacity for dry mass was estimated as ഠ 275 Mg. The output of the model in Eq. 1 including the allometric relationship Eq. 7 (dashed line for ␣ ϭ 2/3, ␤ ϭ 0.017; dotted line for ␣ ϭ 3/4, ␤ ϭ 0.022) is included.
term data points (ഠ180 years) contain particularly large numbers of small plants, presumably as a consequence of gap formation in older stands. This reduces m d substantially, and the subsequent prediction of total mass by the model based on the data. Since Eq. 1 does not include disturbance, this may explain the difference between predictions and data at 180 years in Fig. 4 . However, model predictions incorporating the allometric relationship for growth provide a closer fit to the data.
In this example, the time sequence is of sufficient length to suggest that the sigmoidal and self-thinning assumptions together appear to result in reasonable agreement between the model and data.
THE ECOSYSTEM SCALE
The dynamics at the ecosystem scale, where an ecosystem is comprised of many patches and may be at a continental scale, can be established from the patch scale dynamics. Below, by considering as an illustrative example the system crowding factor F, we show how variation at the patch scale impacts on the ecosystem dynamics, establishing the significant effect such variation may have when scaling up. We then look at a comparison between modeled and measured ecosystem carbon, based on individual-scale dynamics, illustrating how this method allows measurements from the individual scale to yield predictions at the ecosystem scale. Finally, we present an example that includes the impact of disturbance, highlighting the need to understand the nature of that disturbance when applying this modeling technique.
Summary of the mathematical theory
Consider an ecosystem comprised of N patches of vegetation. Thus the total ecosystem dry mass is Z ϭ ⌺ i Y i , with subscript i denoting the ith patch.
Ecosystem average crowding factor.- Barnes and Roderick (2004) formulated an equation, to secondorder accuracy, that describes the rate of change of F , where F i is a measure of how full the ith patch is, from the self-thinning assumption: The significance of Eq. 10 is that the impact of local statistics on the dynamics at the ecosystem scale can be determined explicitly and interpreted directly. Note, however, that when ϭ 0 and v ϭ 0 and/or F m d and/or r vF ϭ 0, then Eq. 10 has the logistic form of Eq. 9:
We show below that the approximation in Eq. 10 provides a reasonable match to data, and, by comparing the predictions of Eqs. 10 and 11, we illustrate that inclusion of the statistics is significant to the dynamics when patches are of different ages, vegetation types, and carrying capacities.
As an aside, we note that the ecosystem crowding factor F Z , a measure of how close the ecosystem is to the total ecosystem carrying capacity Z , is not, in general, equivalent to F . We have For a set of 18 even-aged, same-species (Pinus radiata) patches, the spatial average F is plotted against time from the data (solid circles), together with the output from Eq. 10 (solid line) and Eq. 11 (dashed line).Ȳ
It follows that dF Z /dt ഠ dF /dt with the dynamics described by Eq. 10, only under special conditions; in particular, when patches of the same species are even aged ( F ഠ 0), or have the same carrying capacity ( ϭ 0), or when r F ϭ 0.
Ecosystem carbon.-To establish the average carbon content of the ecosystem we sum across all patches, with carbon determined by Eq. 3. The dynamics of the total ecosystem carbon, C Z , are described by :
While this equation is not a standard logistic equation, the behavior is sigmoidal or oscillatory, with the system (if not disturbed) approaching a carrying capacity of C d Z over time . Ecosystem dry mass with patch scale disturbance.-The impact of stochastic disturbance at the patch scale on total ecosystem carbon is an important aspect to understand, as local disturbance is commonplace within any ecosystem and, when considering larger scales, is generally modeled as stochastic. It has been established ) that for a sufficiently large number N of patches, and with disturbance described as the removal of dry mass, if i (i ϭ 1 . . . N) is a stochastic random variable describing the disturbance in the ith patch, then for the total ecosystem dry mass Z,
where is the mean of the stochastic variables taken ␥ over all patches.
Below, in Application to data: Ecosystem carbon with stochastic disturbance: modified pine plantation data, we illustrate the importance of understanding the nature of the disturbance when applying this model; that is, the impact of the disturbance on both n, the number of individuals, and m d , their average dry mass.
Application to data
Average ecosystem crowding factor: pine plantation data.-To test the accuracy of the approximation in Eq. 10, we used the Pinus radiata data for an ecosystem of different 1-ha patches. For all patches we estimated a carrying capacity of approximately 500 Mg. Applying a simple finite difference method to estimate the rate of change of m d , our results are given in Fig. 5 . We note that both the solid and dashed lines are very similar. Since the plots are for even-aged, single-species pines, the standard deviations , v , and F taken m d across patches would be close to zero, and thus this result is to be expected.
Alternatively, we considered the case in which patches are monocultures with the same carrying capacities, but of different ages; that is, as is the case of a forest plantation ecosystem comprising many patches of a particular species, where a similar number of patches are ready for harvesting each year. To test model Eq. 10 for this scenario we used the same pine data set as above, but in a different manner; we manipulated it as follows. For each data set (that is, for each patch) we truncated the sequence at a random point, appending the truncated section to the beginning of the sequence. The new data set allowed us to consider patches of a single species with identical carrying capacities that are not even aged. Our results are presented in Fig. 6 .
As before, the difference between the case of Eq. 10 and that of Eq. 11 is negligible. This follows since F is not expected to covary with the relative growth rate (1/m d )(dm d /dt), rendering v F r vF small. From the data, it is of the order 1 ϫ 10 Ϫ2 , while F is of the order 1 ϫ 10 Ϫ1 . It is expected that would be small compared m d with m d , since the plantations are monocultures, and the average disturbance across patches through time is approximately constant. Furthermore, for both these reasons, it is expected that F would be small. From the data, is of the order 1 ϫ 10
Ϫ4
, and is
of the order 1 ϫ 10 Ϫ2 . Thus Eq. 11 would be expected to provide a reasonable estimate to Eq. 10 in this situation.
In any region delegated to a plantation enterprise, it is advantageous to maintain a constant yield over time. Thus, in a system of managed forests, one would expect the pattern of plantings and maturity to result in a value for F of approximately 1/2, as found in Fig. 6b .
Average ecosystem crowding factor: synthetic data.-To demonstrate the full impact of the statistics in Eq. 10, a data set of patches with differing ages, vegetation types, and carrying capacities is required. APPLICATION OF AN ECOLOGICAL FRAMEWORK FIG. 6 . The same data as in Fig. 5 were offset in time to create an uneven-aged, same-species data set, a typical subset of which is shown in panel (a). In (b), the resulting spatial average F across all patches is plotted against time with data (solid circles), the output from Eq. 10 (solid line), and the output from Eq. 11 (dashed line).
FIG. 7.
For 20 patches, a data sequence of dry mass against time was constructed and is plotted in panel (a). In (b), the spatial average F across all patches is plotted against time with the data (solid circles), the output from Eq. 10 (solid line), and the output from Eq. 11 (dashed line).
In the absence of real data, we constructed a synthetic data set (Fig. 7a) , based on a sigmoidal pattern of growth within each patch.
In this case, the model in Eq. 10 provides a substantial improvement on predicting the dynamics of F over Eq. 11 (Fig. 7b) 10 (see Fig. 7 ). The covariance, although larger than that of the case in Average ecosystem crowding factor: pine plantation data, was found to be of the same order of magnitude for these data. The ''jagged'' nature of the model output (Fig. 7b) is due to the simple finite difference scheme employed, which are notorious for such effects. While a sophisticated splining method would most likely improve the outcome, we have maintained the finite difference scheme here for simplicity and because it adequately illustrates our point. Total ecosystem carbon: pine plantation data.-We illustrate the model performance in scaling between individuals and the ecosystem by comparing our model predictions for total ecosystem carbon (Eq. 12) with data. From the data set for Pinus radiata, we extracted six patches for which measurements were taken at identical times (Fig. 8) , and estimated each ഠ 500 Mg. with certainty, it is within reason that the maximum slope is reached at approximately ⌺ i C i ഠ 650 Mg, so (Appendix C) Z ഠ 2 ϫ 650 ϭ 1300 Mg. Since Y or m d may not be known at a number of sequential time intervals, we have also used Eq. 3 with the allometric approach to estimate m d (Eq. 8), and summed over the six patches (see Fig. 8 ).
Ecosystem carbon with stochastic disturbance: modified pine plantation data.-To establish how well Eq. 13 predicts data for an ecosystem comprised of patches that are subjected to disturbance in a stochastic manner, we have again manipulated the Pinus radiata data set. Each of 16 patch data sets were used twice to give a sample size of N ϭ 32, and in each set we extended the time sequence to 50 years as follows. Since the time steps for measurements were not equal we interpolated between the measured values. Then, we disturbed the sequences in a random manner, returning to a previous state and allowing the sequence to continue once again. If the final point of the sequence was reached before the 50-yr time sequence was completed, it was disturbed by a random amount and allowed to ''grow'' once again. For each constructed patch data set, the average disturbance was calculated, and then the average taken across all patches . A comparison ␥ between data and the predictions of model Eq. 13, using a finite difference method, is given in Fig. 9 .
To distinguish between the results presented, we note that, since Y ϭ nm d , removal of dry mass may be understood as a reduction in n and/or in m d . To illustrate this concept, and the possible difference between outcomes, for the same in each case we compare the ␥ solid line of 
CONCLUSION
In this paper, we have illustrated how the generic mathematical framework developed by Barnes and Roderick (2004) to model across ecosystem scales can be applied to predict the dynamics of dry mass, and hence carbon, in vegetation systems over time. The model has been applied to pine plantations and mixed forests and, in each case considered, the output compared well with the data. Moreover, the model described explicitly the impact of variation at one scale on another, and the comparison between its output and measured data highlighted the importance of such analysis. Our results also suggest that the model is not sensitive to small changes in the estimates of system carrying capacity. Although the results are not presented here, we noted that, in the case of the pine plantations with ഠ 500 Mg, results from ഠ 550 Mg were similar (especially for small F).
Another model that was developed for the same purpose is the ED (ecosystem demography) model and the associated SAS (size-and age-structured) approximation
